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Abstract
Linking numbers in higher dimensions and their generalization including gauge
fields are studied in the context of BF theories. The linking numbers as-
sociated to n-manifolds with smooth flows generated by divergence-free p-
vector fields, endowed with an invariant flow measure are computed in dif-
ferent cases. They constitute invariants of smooth dynamical systems (for
non-singular flows) and generalizes previous results for the 3-dimensional case.
In particular, they generalizes to higher dimensions the Arnold’s asymptotic
Hopf invariant for the three-dimensional case. This invariant is generalized
by a twisting with a non-abelian gauge connection. The computation of the
asymptotic Jones-Witten invariants for flows is naturally extended to dimen-
sion n = 2p+ 1. Finally we give a possible interpretation and implementation
of these issues in the context of string theory.
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1 Introduction
Since their gestation topological field theories have been used to describe topological in-
variants of manifolds in various dimensions. Cohomological field theories are quantum
field theories whose states are obtained from a BRST-like symmetry. This symmetry
is usually obtained through a twist procedure starting from the set of supercharges
of an underlying specific supersymmetric theory. In these theories physical states are
BRST-like cohomology classes of operators constructed from the fields of the theory
which, in some cases, are in correspondence with cohomology cycles of the underly-
ing space-time manifold. The twisted theories have Lagrangians which depend on the
background metric however, they can be expressed as an exact BRST-like operator,
and consequently the partition function and correlation functions are metric indepen-
dent. The classical examples of these theories are the twisted N = 2 Yang-Mills theory
weakly coupled in four dimensions [1] and [2] in the strong coupling limit. The under-
lying topological invariants are the Donaldson and Seiberg-Witten invariants of four
manifolds respectively. Another important example is the topological sigma model [3]
giving rise to the Gromow-Witten invariants of the underlying target space.
Another kind of topological field theories are those of the Schwarz type [4]. Their
Lagrangian is independent on the background metric at the tree level but the quantiza-
tion procedure requires the introduction of a Riemannian metric in the computation of
the one-loop partition function (the Reidemeister-Ray-Singer analytic torsion [5]) turns
out to be metric independent (up on the choice of a framing), giving a topological in-
variant. An example of topological theories of this type is the Chern-Simons gauge
theory, giving rise to link invariants [6]. In this paper Witten found the Jones polyno-
mial invariants of framed knots and links in terms of correlation functions of products
of oriented Wilson lines. In the non-perturbative regime (k → ∞) it was found that
the theory describes the Jones polynomial, while the perturbative one (k → 0) is better
written in terms of Vassilev polynomials. (Some reviews can be found in Refs. [7, 8, 9]).
There are also inter-relations among the different types of topological field theories.
One of them is the topological sigma model on the target space T ∗M being an hyper-
Kahler manifold, and M an oriented three-manifold. The effective theory on M leads
to a Chern-Simons-like theory giving rise to perturbative link invariants known as the
Rozansky-Witten invariants [10]. There are new topological invariants coming from
the mixture of different topological field theories. Recent reviews on these topics can
be found in Refs. [11, 12].
Another class of theories of the Schwarz type are the BF theories associated with
higher dimensional generalizations of the Chern-Simons gauge theories and in general
of higher order anti-symmetric tensor fields [13, 14]. In these theories the link invari-
ants in higher dimension can be realized through the correlation functions of certain
observables of a suitable BF theory [15, 14]. In the present paper we will follow [15] in
order to extend this work to the case when there exists a multi-vector field determined
by a flow on the underlying space-time manifold.
On the other side it is very well known that topological and geometrical methods
play a crucial role in the theory of dynamical systems. Orbits in non-singular flows
can be associated with homology cycles (of dimension one). These cycles are known as
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asymptotic cycles and they were introduced some years ago by Schwartzman [16] for
the case of cycles of dimension one, i.e., they are elements of H1(M,R), with M being
foliated. Such a “diffuse” cycles are defined as the average homological placement of
the periodic orbits of the flow with respect to some invariant probability measures.
These asymptotic cycles are genuine homology cycles and the generalization to higher
dimensions was done recently in Ref. [17]. Such generalization was achieved by using
the theory of dynamical systems. In particular, the introduction of flow boxes to
define geometric currents [18, 19] was very important. In particular, the results [16]
were used to carry over the Jones-Witten polynomial invariants for flows in a dynamical
system [20]. In the process Arnold’s result [21, 22] of the asymptotic Hopf invariant
is obtained (for recent work concerning the asymptotic linking number, see [23])3.
Moreover, recently a great deal of work (basically by mathematicians) have been done
in classifying dynamical systems by using different invariants from knot theory [20, 25,
26, 27]. For a recent review on the subject see [28].
In the present paper we obtain a generalization of asymptotic linking numbers in
higher dimensions. They will constitute new invariants of smooth dynamical systems.
One of our main results is the fact that the correlation function of two suitable asymp-
totic observables defines a higher dimensional generalization of the average asymptotic
linking number of a flow that leaves invariant the volume form.
The paper is organized as follows. In Sec. 2 we recall the higher dimensional
description of the linking numbers mainly following [15] and [14]. Sec. 3 is devoted to
recall the definition of asymptotic cycles and their higher-dimensional generalization.
For this we follow Ref. [17]. We give a brief overview of the Arnold’s work concerning
the asymptotic Gauss linking number. Sections 4, 5 and 6 constitute the main part of
our work. In Sec. 4 it is introduced the higher-dimensional linking number for one and
two flows in the abelian BF theory (without a cosmological term). The generalized
linking number with a non-abelian gauge connection is discussed in the context of one
and two flows. In Sec. 5 the asymptotic Jones-Witten invariants discussed at [20]
are extended to any odd (n = 2p + 1) dimension. Sec. 6 is devoted to argue on
a possible relation of asymptotic invariants and string theory and at the same time
it would constitutes a physical interpretation on the correlators of observables of RR
fields. Finally Sec. 7 contains some concluding remarks.
2 Overview of Linking Numbers in Quantum Field
Theory
In the present section we overview the higher dimensional linking number. We will
follows closely the work of Horowitz and Srednicki [15]. The notation and conventions
are taken also from this reference.
3It is interesting to note that the Arnold’s invariant coincides precisely with the helicity, which is
a topological quantity arising in some physical and astrophysical processes and that remains invariant
under the evolution of the system. It is precisely the behavior of the magnetic field in the plasma
inside planets or stars which is described by the helicity [24, 21, 22].
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Let M be a n-dimensional, closed (compact and without boundary) oriented man-
ifold, let U and V be nonintersecting oriented submanifolds of dimension p and p′ =
n − p − 1 respectively. Assume that U and V are homologically trivial surfaces, that
means they are boundaries of higher dimensional surfaces. Then let V be the boundary
of W i.e., V = ∂W . We will consider also that U and W are going to intersect only in
a finite number of points denoted by pi. We define sign(pi) = 1 if the orientation agrees
with the orientation on M and sign(pi) = −1 otherwise. Then the linking number is
defined as
L(U, V ) =
∑
i
sign(pi). (1)
If U and V are non-intersecting circles (p = p′ = 1) embedded in R3, another way of
calculating the linking number is due Gauss and is given by
L(U, V ) =
1
4π
∫
U
dxi
∫
V
dyj εijk∂
k|x− y|−1. (2)
It is well known that Chern-Simons (CS) theory is used to calculate links invariants
as the Jones polynomial [6] and the Alexander polynomial (see, for instance [12]).
In Refs. [13, 14] it was introduced a generalization of the CS functional known as
BF theory which is defined in a compact, oriented, without boundary n-dimensional
manifold M whose action is expressed as
SBF =
∫
M
B ∧ dC, (3)
where B is a p-form and C a p′ form on M , d denotes the exterior derivative acting
over forms on M . The equations of motion are given by: dB = 0 and dC = 0. This
action is invariant under diffeomorphisms and the following gauge transformations:
B → B + dv, C → C + dw, (4)
where v and w are (p − 1) and (n − p − 2) forms respectively. The moduli space of
the theory (the inequivalent gauge field configurations) consist of the elements of the
de Rham cohomology groups Hp(M)×Hp
′
(M).
The important object to compute is the two-point correlation function of gauge
invariant observables OU =
∫
U
B and OV =
∫
V
C given by〈∫
U
B ·
∫
V
C
〉
=
∫
DBDC
∫
U
B ·
∫
V
C eiSBF∫
DBDC eiSBF
. (5)
In Ref. [15] it was proved that this is precisely the higher dimensional generalization
of the linking number L(U, V ) of two homologically trivial cycles U and V given by〈∫
U
B ·
∫
V
C
〉
= iL(U, V ). (6)
If p is odd, n = 2p+ 1 and setting C = B, then the action becomes the Chern-Simons
functional S =
∫
B ∧ dB. In the procedure to prove (6) we can choose eigenforms
satisfying ∗dBn = λnBn and consequently we get
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〈∫
U
B ·
∫
V
B
〉
= iL(U, V ), (7)
in this case U and V are p-dimensional surfaces.
For the case M = Rn we have that the linking number of p and p′ = n − p − 1
dimensional surfaces results [29]
L(U, V ) =
Γ(n
2
)
[(2n− 4)πn/2p!((n− p− 1)!]
∫
U
dxj1···jp
∫
U
dyjp+1···jn−1εjnj1···jn−1∂jn |x− y|
2−n,
(8)
where dxj1···jp = dσ1 · · · dσpJ
(
xj1 ,xj2 ,··· ,xjp
σ1,σ2,··· ,σp
)
with J being the jacobian between the co-
ordinates x′s of Rn and the worldvolume coordinates σ′s of U . The case U = V
(x = y) is divergent (coincident singularity) and one can have an invariant regulariza-
tion procedure [6, 30] through the choice of a framing (smooth vector field on M). The
asymptotic invariant that we will introduce in Sec. 4 incorporates automatically this
vector field (or multi-vector field in higher dimensions) and consequently contains an
invariant regularization to the self-linking number (8) of the flow and the choice of a
framing through the choice of a p-vector field Xp = X1 ∧ · · · ∧ Xp from the p-tensor
product of the tangent bundle of M .
2.1 Generalized Linking Number
Let A be a flat connection on a G-principal bundle E over M with G a compact
connected Lie group. Let us take B ∈ Hp(M,E) and C ∈ Hp
′
(M,E) (with p′ = n−p−1)
transforming in a non-trivial dual representations of G. Thus can take B, for instance,
transforming in the fundamental representation of G, while C will transform in the
anti-fundamental representation . Consider the following action
S =
∫
M
B ∧DC, (9)
whereD = d+A is the covariant derivative and satisfiesD2 = 0. This action is invariant
under the infinitesimal gauge transformations δB = Dv and δC = Dw. The equations
of motion are: DB = 0 and DC = 0. The space of solutions is the moduli space given
by Hp(M,E)×Hp
′
(M,E). Following a similar procedure to the case without the gauge
potential (from Ref. [15]) we want to extract a gauge invariant quantity, then we must
pick two surfaces U and V and take a point in each one of them and a family of curves
(homotopy class) γ that join any pair of points x ∈ U and y ∈ V . This family define
a Wilson line, then the correlation function of observables constructed with B, C and
A defines a generalized linking number LA(U,C) as follows
LA(U, V ) = −i
〈∫
U
B(x)
∫
V
P exp
(∫ y
x
A
)
C(y)
〉
. (10)
This quantity transforms as x ⊗ ( x, y) ⊗ y and it is certainty an invariant of the
group and consequently gauge invariant.
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This expression is metric independent (because the longitudinal and zero modes do
not contribute to the integral). In this case we need that U and V be homologically
trivial as in the previous case, but we need one extra condition, because the Wilson
line jumps discontinuously for a non-trivial holonomy loop. Thus to ensure that lon-
gitudinal modes do not contribute the Wilson lines are continuous in x and y. This
statement concerning continuity is expressed in the following definition.
A surface U is holonomically trivial if every closed curve on U has trivial holon-
omy. This condition is related with the homotopy of U , if every element of π1(U)
is homotopically trivial in M then U is holonomically trivial, then the longitudi-
nal and zero modes not contribute to the integral. In addition there exist holo-
nomically trivial surfaces W and W ′ such that ∂W = V and ∂W ′ = U (because∫
V
P exp(
∫ y
x
A)C0(y) =
∫
W
P exp(
∫ y
x
A)DC0(y) where DC0 = 0 and C0 is a zero mode).
Thus we obtain the following expression for the generalized linking number
LA(U, V ) =
∑
i
sign(pi)TrP exp
(∮
γi
A
)
, (11)
with the closed curve γi starting at pi, following a curve in U to u0, then go around γ0
to vo, and finally a curve go back to pi keeping inside W .
3 Dynamics of Flows and Their Invariants
In this section we overview briefly some definitions and mathematical results concern-
ing geometry and topology of dynamical systems for future reference. Notation and
conventions is taken mainly from Refs. [16, 18, 17, 31]. We also overview an application
of these results to the computation of the Hopf invariant for the flow.
3.1 Asymptotic Cycles
One dimensional asymptotic cycles were introduced by Schwartzman in [16]. In order
to define them, we first consider a manifold M with a flow ft and take a fixed set of
regular curves {γp,q} joining any pair of points p and q of M . For a given point p and
for any t > 0, we define the integral-singular 1-cycle Γ˜t,p = [p, ft(p)] ∪ γft(p),p, where
[p, ft(p)] is the oriented arc of trajectory going from p to ft(p). If we define Γp,t =
1
t
Γ˜t,p
one can prove [16] that the limt→∞[Γt,p] = [Γp] exists and belongs to H1(M,R). For
every quasi-regular point p of M , it is independent of the metric and the connected
curves γp,q in M .
Now let µ be a measure on M invariant under the flow and ω a closed 1-form in
the de Rham cohomology group H1dR(M,R). Define the linear functional
Ψµ : H
1
dR(M,R)→ R, Ψµ([ω]) =
∫
M
ω(X)µ, (12)
where X is the vector field generated by the flow and ω will depend only on the
cohomology class [ω]. Ψµ as a current [31] on the de Rham cohomology defines a
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homology cycle which can be regarded as a winding cycle for each invariant probability
ergodic measure µ of M .
For a higher dimensional generalization of asymptotic cycles we consider first S to
be a closed subset of a n-dimensional manifold M . A partial foliation of dimension p
consists of a family of Lα (whose dimension is such that S = ∪αLα. A collection of
flow boxes on M is a collection of closed disks Dp×Dn−p (horizontal and vertical disk
respectively), whose interior cover M and intersect each Lα in a collection of horizontal
disks {Dp × {y}}. We consider that the disks are smoothly embedded, such that the
tangent planes vary continuously on the flow boxes.
A (n−p)-dimensional submanifold T ofM is said to be transversal if it is transversal
each Lα. We say T will be small if it is contained in a single flow box. Then a transversal
measure µT provides to each small transversal submanifold T with a measure. We will
assume that each measure is supported on the transversal, intersecting support of the
current which is invariant under the flow. Then we define a geometrical current as
the triple (Lα, µT , ν), with the entries being objects defined as above. The geometric
current assigns to each point in the support S an orientation ν of Lα, through such
point.
Suppose that M is covered by a system of flow boxes {(Dp × Dn−p)i} endowed
with partitions of unity. Then, every p-form ω can be decomposed into a finite sum
ω =
∑
i ωi, where each ωi has his own support in the i-th flow box. Now we can
integrate out every ωi over each horizontal disk (D
p × {y})i and obtain a continuous
function fi over (D
n−p)i. Thus we can take the average of this function using the
transversal measures µ to obtain a number. Therefore we define a current given by
〈(Lα, µ, ν), ω〉 =
∑
i
∫
(Dn−p)i
µT (dy)
(∫
(Dp×{y})i
ωi
)
. (13)
This current is closed in the sense of de Rham [31], i.e., if ω = dφ, where φ has compact
support, then 〈(Lα, µ, ν), dφ〉 = 0, since we can write φ =
∑
i φi. Ruelle and Sullivan
[18] show that this current determines precisely an element of the p-th cohomology
group. In this case, if µ is invariant it does not depend of the choice of system of flow
boxes that was used. Recall that any (n− p)-form ρ on M determines a p-dimensional
current by Poincare´ duality 〈ρ, ω〉 =
∫
M
ω ∧ ρ.
Now consider an example of geometrical current. Let µ be an invariant volume form
and Xp is a p-vector field nowhere vanishing on M , this defines a transversal measure
defined by a (n− p)-form η = iXp(µ). The de Rham current is
Cµ,Xp(β) =
∑
i
∫
D
n−p
i
η
∫
D
p
i×{y}
β
=
∫
M
iXp(µ) ∧ β. (14)
This determines a closed current when µ is invariant under the flow described by Xp,
here β is a p-form.
Now we will give some useful results concerning the existence of higher dimensional
asymptotic cycles (for more details see [17]). Consider the action of a connected Lie
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group L on a smooth compact oriented manifold M , whose orbits are tangent to the
orbits of dimension p. A quantifier is a continuous field of p-vectors on M everywhere
tangent to the orbits and invariant under the action of L. A quantifier is said to be
positive if it is nowhere vanishing and determines the orientation of the tangent space.
A preferred action is an oriented action of a connected Lie group L such that for any
x ∈ M the isotropy group Dx of x is a normal subgroup of L and L/Dx is unimodular.
It was proved in [17] that a preferred action possesses a positive quantifier. Given a
positive quantifier we define a 1− 1 correspondence between a finite invariant measure
µ and a transversal invariant measure. An important result which will be used in the
next sections is a theorem that states as follows. If Xp is a positive definite quantifier
and µ is an invariant measure described by a n-form, then iXp(µ) is a closed (n− p)-
form and the asymptotic cycle Aµ can be obtained by Poincare´ duality of an element
of Hn−p(M,R) determined by iXp(µ).
If Aµ is an asymptotic cycle i.e. is an element of Hp(M,R), the theorem give us an
explicit form to construct asymptotic cycles if the above conditions are satisfied. This
is not the only way to specify a foliation, in [19] Sullivan defines structures of p-cones
and operators acting over vectors on these cones.
3.2 Asymptotic Hopf Invariant for a Flow
Using the idea of asymptotic cycle we define asymptotic average linking number as in
Ref. [21]. Let M be a closed and orientable 3-manifold with volume form (invariant
measure) µ, which we will assume that is normalized as
∫
M
µ = 1. Consider a vector
field X that induces a flow ft, which satisfies LXµ = 0 (divergence-free vector field)
which is homologically trivial i.e., there exist a 1-form α such that dα = iX(µ). For a
closed 1-form the winding cycle is zero for a homologically trivial vector field
Ψµ =
∫
M
ω(X)µ =
∫
M
ω ∧ iX(µ)
=
∫
M
d(ω ∧ α) = 0. (15)
Under this situation the asymptotic linking number exists and is well defined [21, 22, 23]
L(Γx1,Γx2) = lim
T1,T2→∞
L(Γ˜T1,x1, Γ˜T2,x2)
T1T2
, (16)
where Γ˜t,xi = [xi, ft(xi)]∪ γft(xi),xi, with [xi, ft(xi)] being the oriented arc of trajectory
from xi to ft(xi) and {γft(xi),xi} is a set of regular curves that join ft(xi) and xi with
i = 1, 2.
The mean value of the asymptotic linking number of a pair of trajectories (average
Hopf invariant) of a homologically trivial vector field X on M is given by
L(X) =
∫
M×M
L(Γx1 ,Γx2) dv(x1)dv(x2). (17)
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Finally Arnold proved [21, 22] that this number is equal to
L(X) =
∫
M
α ∧ dα, (18)
where dα = iX(µ). The explicit form for L(X) is given by
L(X) =
∫
M×M
εijkX
i(x1)X
j(x2)(x1 − x2)k
|x1 − x2|3
dv(x1)dv(x2). (19)
4 Asymptotic Linking Numbers in Higher Dimen-
sions
In this section we generalize some of the material revisited in Sec. 2 to higher dimen-
sions. In order to do that we will use the definition of asymptotic cycles in higher
dimensions from [17]. Our main motivation is the extension of the ideas of dynamical
systems to string theory.
4.1 Average Asymptotic Linking Number
Now we proceed to give the definition of the asymptotic linking number in higher
dimensions using the standard BF action without cosmological constant term (3) given
in section 2.
Let us consider M to be a n-dimensional manifold such that Hp(M,R) = 0. M is
also equipped with an invariant flow volume form µ and a divergence-free p-vector field
Xp = X1∧ · · ·∧Xp i.e. LXpµ = 0 (see [32, 33] for notation, conventions and properties
regarding multi-vector fields). Here each Xi with i = 1, · · · , p is a vector field (1-vector
field). For a p-vector field the Lie derivative is defined as: LXp = [iXp , d], where iXp
is defined by iXp = iX1∧···∧Xp = iX1 ◦ · · · ◦ iXp is the contraction, notice that all iXi ’s
commutes among themselves). If N = ∂W is a null homologous (p′ = n − p − 1)
dimensional submanifold of M , N is boundary of some (n− p)-dimensional manifold.
Motivated by [16, 17, 18, 20] we define the following asymptotic observable O˜Xp as
a current [31]
O˜Xp =
∫
M
iXp(B)µXp(p1). (20)
Then the two-point correlation function is consequently
〈
O˜Xp(p1) · ON(p2)
〉
=
〈∫
M
iXp(B)dµ(p1) ·
∫
N
C(p2)
〉
=
∫
DBDC exp
[
i
∫
M
B ∧ dC
] ∫
M
iXp(B)µ(p1)
∫
N
C(p2)∫
DBDC exp
[
i
∫
M
B ∧ dC
] . (21)
These observables are invariant under the gauge transformations (4). In the present
case it can be written as∫
M
iXp(B
′)µ(p1) =
∫
M
iXp(B)µXp(p1) +
∫
M
iXp(dv)µXp(p1), (22)
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where v is a (p−1)-form. The second term vanishes due the theorem 2A in [17], which
states that the current is closed if and only if µ is an invariant measure. The second
observable
∫
N
C is clearly gauge invariant.
In order to compute the rhs expression of (21), as in the case without flows [15], we
again split the forms using the Hodge decomposition theorem. If B is a p-form we can
write down it uniquely as: B = B0 + dφ+ δξ, where B0 is the harmonic part, dφ and
δξ are the longitudinal and transversal parts of B respectively, d is the usual exterior
derivative and δ = (−1)pn+n+1 ∗ d∗ the adjoint. Here φ is a (p − 1)-form and ξ is a
(p+ 1)-form, ∗ is the Hodge operator on M such that ∗2 = (−1)p(n−p).
To evaluate this integral, we split the measure in the following way with the aid of
the Hodge theorem: DB = DBTDBLDB0 and similarly for DC. Only the transverse
part of the BF action and observables contributes, i.e. O˜Xp =
∫
M
iXp(B
T )µ and
ON =
∫
N
CT therefore we integrate out all longitudinal and harmonic modes leaving
only the transverse ones DBTDCT .
Consider λ2 6= 0 to be an eigenvalue of the laplacian ∆p = δd + dδ let Λp the
space of p eigenforms (∆B = λ2B). This space is partitioned in the transverse ΛTp and
longitudinal ΛLp parts. Following to [15] we have an isomorphism between Λp and Λn−p
due to the Hodge dual maps p-forms with λ2 to (n−p)-forms with the same eigenvalue.
Also we have that the codifferential is a mapping from ΛLp to Λ
T
p−1 and the differential
d maps from ΛTp to Λ
L
p+1. Thus we can define the following map λ
−1 ∗d : ΛTp → Λ
T
n−p−1,
which define an isomorphism.
Let {Bj} and {Cj} be basis of normalized transverse eigenforms which satisfies
〈Bj |Bk〉 =
∫
M
Bj∧∗Bk = δjk. If one takes the following choice for Cj = (−1)n−p−1λ
−1
j ∗
dBj , then the Cj are also orthonormal. Let us take B and C in their respective
expansion of the basis B =
∑
j bjBj and C =
∑
j cjCj , then the action can be written
as: SBF = 〈B|C〉 =
∑
j λjbjcj due to the normalization of Bj and Cj. The transverse
measure of the path integral takes the following form DBTDCT =
∏
j dbj
∏
k dck.
Substituting and integrating (21) this yields
H(Xp, N) :=
1
i
〈
O˜Xp(p1) ·ON(p2)
〉
=
∑
j
λ−1j
∫
M
iXp(Bj)|p1µ(p1) ·
∫
N
Cj(p2). (23)
Using the properties of iX1∧···∧Xp it is easy to see that
iX1∧···∧XpBj ∧ µ− (−1)
p
2
(3+p)Bj ∧ iXp∧···∧X1µ = 0. (24)
Substituting the last equality in (23), we obtain
H(Xp, N) = (−1)
p
2
(3+p)
∑
j
λ−1j
∫
M
Bj|p1 ∧ iXµ(p1) ·
∫
N
Cj(p2). (25)
If Xp is a divergence-free p-vector field, this implies that η = iXpµ is closed. Since
Hp(M,R) is trivial then by Poincare´ duality there exists α ∈ Ωn−p−1(M) such that
η = dα′, where α′ := (−1)
p
2
(3+p)α. Then N is null-homologous i.e. N = ∂W , where W
is a (n− p)-manifold we get
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H(Xp, N) =
∑
j
λ−1j
∫
M
Bj |p1 ∧ η(p1) ·
∫
N
Cj(p2)
=
∑
j
λ−1j
∫
M
Bj |p1 ∧ η(p1) ·
∫
W
dCj(p2). (26)
Using dCj = λj ∗Bj we obtain the following expression
H(Xp, N) =
∑
j
∫
M
∫
W
Bj(p1) ∗Bj(p2) ∧ η(p1). (27)
Using the completeness relation for the eigenforms i.e.
∑
j
BTj (p1)∗B
T
j (p2)+
∑
j
BLj (p1)∗B
L
j (p2)+
∑
j
B0j (p1)∗B
0
j (p2) = δ(p1, p2)v(p1) · v(p2),
where v(p1) and v(p2) are p and n− p “volume” forms in a p foliation of M . Since the
longitudinal and harmonic forms do not contribute to the path integral we can include
them and integrate over M , we have the following result
H(Xp, N) =
∫
M
∫
W
δ(p1, p2)v(p1) · v(p2) ∧ η(p1)
=
∫
W
η(p1)
=
∫
N
α′. (28)
This is precisely a Hopf type integral. It is immediate to note that for the case of p = 1
we get the result
∫
N
α by Kotschick and Vogel [25]. For this case H1(M,R) is trivial,
X is a divergence-free vector field, α is a (n− 2)-form, which satisfies iX(µ) = dα.
4.2 Asymptotic Intersection of Two Flows
In this subsection we will calculate a correlation function of two asymptotic observables.
This leaves us to define the asymptotic linking number between two flows of dimension
p and p′. After that we will calculate the asymptotic self-intersection and finally extract
the Hopf invariant in higher dimensions.
Let O˜Xp and O˜Yp′ be two asymptotic observables defined as in Eq. (20). We will
consider that each observable has it own flow invariant measure µXp and µYp′ , where
Xp = X1∧ . . .∧Xp and Yp′ = Y1∧ . . .∧Yp′. Suppose M has trivial p-th and (p+1)-th
homology groups then the two point correlation function to calculate is the following:
〈
O˜Xp(p1) · O˜Yp′ (p2)
〉
=
∫
DBDC exp
[
i
∫
M
B ∧ dC
]
O˜Xp(p1) · O˜Yp′ (p2)∫
DBDC exp
[
i
∫
M
B ∧ dC
]
=
∫
DBDC exp
[
i
∫
M
B ∧ dC
] ∫
M
iXp(B)µXp(p1) ·
∫
M
iYp′ (C)µYp′ (p2)∫
DBDC exp
[
i
∫
M
B ∧ dC
] . (29)
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Remember that to the path integral only contributes the transversal part since the
longitudinal modes and the harmonic decouples from the transverse ones and can be
directly integrated out (29) and it reduces to〈
O˜Xp(p1) · O˜Yp′ (p2)
〉
= i
∑
j
λ−1j
∫
M
iXp(B)|p1µXp(p1) ·
∫
M
iYp′ (C)|p2µYp′ (p2). (30)
Dividing by i we define the asymptotic linking number H(Xp,Yp′) of Xp and Yp′ as
follows
H(Xp,Yp′) :=
1
i
〈
O˜Xp(p1) · O˜Yp′ (p2)
〉
=
∑
j
λ−1j
∫
M
Bj |p1 ∧ η1(p1)
∫
M
Cj|p2 ∧ η2(p2), (31)
where we apply (24) to the two integrals. We also use the facts that the fields are
divergence-free to prove that η1 = iX1∧···∧Xp(µXp) and η2 = iY1∧···∧Yp′ (µYp′ ) are closed
and providing our assumption that Hp(M,R) = Hp+1(M,R) = 0 they are exact i.e.,
η1 = dα
′
1 and η2 = dα
′
2, where α
′
1 = (−1)
p
2
(3+p)α1 and α
′
2 = (−1)
p′
2
(3+p′)α2 with
α1 ∈ Λp(M) and α2 ∈ Λp
′
(M).
Integrating by parts the second integral, using again the fact that dCj = λj ∗ Bj ,
and summing over all the states (including the longitudinal and harmonic forms) we
get
H(Xp,Yp′) =
∫
M
∫
M
δ(p1, p2) ∧ η1(p1)α2(p2)
=
∫
M
dα′1 ∧ α
′
2. (32)
Thus we can think of this expression as a Hopf like invariant or as the asymptotic
intersection associated to the vector fields Xp and Yp′. Let us see some considerations.
As an example we would like to compute the asymptotic self-linking number of
a divergence-free p-vector field Xp = X1 ∧ · · · ∧ Xp i.e. we want H(Xp,Xp) with
Xp = Yp′=p. If M is of dimension n = 2p + 1 where for p ≥ 1 by dualities between
homology and cohomology we relax the condition only to assume p-th homology group
will be zero. From (32) then the expectation value is:
H(Xp,Xp) =
∫
M
α ∧ dα, (33)
where α is a (p − 1)-form given by the equation iXp(µ) = dα. This expression is
exactly the Hopf invariant (or helicity) in dimension greater than three [34] or the
higher dimensional helicity of a p-vector field Xp (it can be associated to a p-foliation
since the observables defines p-currents on M) equipped with an invariant measure µ,
associated to a p-foliation of M . The involved p-vector field Xp represents a choice
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of a framing on the tangent bundle of Mn and consequently (33) does not have the
coincidence singularity and it is perfectly regular.
Clearly for the case when we take n = 3 and p = 1, we have the classical result
by Arnold, the asymptotic Hopf invariant (or helicity) of a incompressible flow on a
3-manifold [21].
4.3 Generalized Linking Numbers for Flows
Now we want to calculate the asymptotic generalized linking number of a p-vector field.
In order to do this we recall the asymptotic observable defined as in Eq. (20).
One Flow
Now we consider the intersection of a flow Xp with a null homologous submanifold
N = ∂W in M of dimension p′. Similarly we assume Hp(M,E) is trivial where E is
a trivial gauge bundle of with SU(N) structure group. Now we define the generalized
asymptotic linking number as the following correlation function:
HA(Xp, N) =
1
i
〈∫
M
iXp(B)µ(p1) ·
∫
N
P exp
(∫ p2
p1
A
)
C(p2)
〉
, (34)
where B ∈ and C ∈ , A ∈ adj = ( , ). The observable will be gauge invariant and
the correlation function will be a scalar. The expectation value is invariant since the
currents are invariant under the gauge transformations, provided that γ0 is a curve that
join p1 and p2. In this case also the transverse modes decouples from the longitudinal
and the transverse ones and they factorizes in the path integral in such a way that they
can be integrated out. We have
HA(Xp, N) =
∑
j
λ−1j
∫
M
iXp(Bj)|p1µ(p1) ·
∫
N
P exp
(∫ p2
p1
A
)
Cj(p2) (35)
or
HA(Xp, N) =
∑
j
λ−1j
∫
M
Bj |p1 ∧ η(p1) ·
∫
N
P exp
(∫ p2
p1
A
)
Cj(p2). (36)
Since N is null homologous using Stokes theorem and taking DCj = λj ∗Bj , we obtain
HA(Xp, N) =
∑
j
∫
M
Bj |p1 ∧ η(p1) ·
∫
W
P exp
(∫ p2
p1
A
)
∗ Bj(p2) (37)
in the last equation we have use the fact that A is flat (i.e. FA = dA+A∧A = 0). In
order to proceed the computation we incorporate the spurious modes, this yields
HA(Xp, N) =
∫
M
∫
W
δ(p1, p2)v(p1) · v(p2) · Tr P exp
(∫ p2
p1
A
)
η(p1). (38)
Integrating over p1 this equation reduces to
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HA(Xp, N) =
∫
W
Tr P exp
(∮
γ
A
)
η, (39)
where γ is build as follows: take a curve from p2 in W to a point u in the Poincare´
dual of η. Then use the curve γ0 from u to v in V and finally take a curve from u to
p2 that is contained in W .
Two Flows
Now consider two divergence-free vector fields and Hp+1(M,R) = Hp′+1(M,R) = 0.
The first one a p-vector field Xp and p
′-vector field Yp′. Every field has his own flow
invariant measure, let say µXp and µYp′ respectively. We extend (29) and then the
generalized asymptotic linking number HA(Xp,Yp′) as follows
HA(Xp,Yp′) =
1
i
〈∫
M
iXp(B)µXp(p1) ·
∫
M
P exp
(∫ p2
p1
A
)
iYp′ (C)µYp′ (p2)
〉
. (40)
Following a similar procedure as in the previous cases we get
HA(Xp,Yp′) =
∑
j
λ−1j
∫
M
iXp(Bj)µXp(p1) ·
∫
M
P exp
(∫ p2
p1
A
)
iYp′ (Cj)µYp′ (p2). (41)
Using the same identities it yields
HA(Xp,Yp′) =
∑
j
λ−1j
∫
M
Bj |p1 ∧ ηXp(p1) ·
∫
M
P exp
(∫ p2
p1
A
)
Cj |p2 ∧ ηYp′ (p2). (42)
Using again the relation: DACj = λj ∗Bj and the completeness relation and integrating
out rhs is rewritten as
HA(Xp,Yp′) =
∫
M
Tr P exp
(∮
γ
A
)
dαXp ∧ αYp′ . (43)
Take ηXp and ηYp′ , by Poincare´ duality there are dual homology cycles ΓXp and ΓYp′
respectively which are trivial homology classes, therefore γ is a curve starting in p2 ∈ W
whose boundary is ΓXp to a point u ∈ ΓYp′ completely contained in ΓYp′ . Then take
a curve γ0 from u to v in ΓXp and then go back to the point p2 from v contained
completely in W .
Now consider de self-intersection i.e., take Xp = Yp′=p to be a p-vector field and
Hp(M,R) = 0. The dimension of M , n is 2p+ 1 then the expression reduces to
HA(Xp,Xp) =
∫
M
Tr P exp
(∮
γ
A
)
α ∧ dα. (44)
We can think in this expression as the generalized asymptotic Hopf invariant associated
to the field Xp.
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5 Higher Dimensional Asymptotic Jones-Witten In-
variants
We will give a briefly overview of the asymptotic Jones-Witten invariants [20], and give
an extension to higher dimensions.
5.1 Jones-Witten Invariants for Flows on 3-manifolds
Let us consider a closed 3-manifold M with a divergence-free vector field X and an
invariant probability measure µ. Let A be a connection on the G-principal bundle:
P
pi
→ M . To define the asymptotic Jones-Witten invariant basically we will modify
the the Wilson line and use the extended version, the asymptotic Wilson line. We will
interpret this in terms of asymptotic homology cycles.
For the case of an abelian gauge group let us take G = U(1), the asymptotic holon-
omy is the limit of the Wilson loop of HoleΓt,p(A) = P exp
∫
Γt,p
A, i.e. the asymptotic
holonomy is defined as HolΓp(A) = limt→∞ exp
∫
Γ˜t,p
1
t
A, next we will define the average
holonomy of a U(1)-connection, over all the asymptotic cycles as
HolX,µ(A) = exp
∫
M
A(X)µ
= lim
t→∞
exp
∫
M
(∫
eΓt,p
(1
t
A
))
µ(p). (45)
For the non-abelian case, for instance, for G = SU(2) Verjovsky and Vila Freyer
redefine the asymptotic Wilson line in terms of the monodromy (see [20, 22] for details).
In the present paper we will limited ourselves to the abelian case, thus we going come
back to this case. In this case the asymptotic Jones-Witten invariants are defined by
the following functional
WX,µ(k) =
∫
A/G
DA exp
(
ik
4π
∫
M
A ∧ dA
)
·HolX,µ(A), (46)
where k ∈ Z, A is the space of all U(1)-flat connections on P and G the gauge group.
The computation of WX,µ(k) leads to [20, 22]:
WX,µ(k) = c(M) exp
{
2πi
k
∫
M
α ∧ dα
}
(47)
where c(M) contains the Ray-Singer torsion and the term of the exponential is precisely
the asymptotic Hopf invariant, remember iX(µ) = dα.
5.2 Jones-Witten Invariants for a High Dimensional Flow
In analogy to the previous section we define a Jones-Witten invariant for a flow in
a n = 2p + 1 dimensional manifold, with Hp(M,R) = 0. Take a divergence-free p-
vector field Xp and consider the BF theory taking a p-form B = C then the action is
15
the Chern-Simons functional SBF =
∫
M
B ∧ dB. We define the following asymptotic
observable
OXp,µ = exp
(
i
∫
M
iXp(B)µ
)
. (48)
Then the asymptotic Jones-Witten invariants in n = 2p+ 1 dimensions are given by
WXp(µ) :=
〈
OXp,µ
〉
= N
∫
DB exp
(
i
∫
M
B ∧ dB
)
· OXp,µ, (49)
where N is the normalization factor.
As in previous cases we use the Hodge decomposition theorem and again only
the transverse modes will contributes to the path integral. Recalling that Xp is a
divergence-free vector field we have iXp(µ) = dα. Then we have
WXp(µ) = N
∫
DBT exp
(
i
∫
M
BT ∧ dBT +BT ∧ dα′,
)
(50)
where α′ = (−1)
p
2
(3+p)α.
The reason is the same as the previous case where the longitudinal and harmonic
modes factor out and are absorbed in the normalization factor. Because the current
(48) is closed in the de Rham sense (invariant under gauge transformation as in section
4) we take a basis to expand the transverse forms which satisfies ∗dBj = λjBj , where λ
2
j
are the eigenvalue of the laplacian. Expanding BT =
∑
j bjBj , with bj ’s being scalars
and 〈Bi|Bk〉 =
∫
M
Bi ∧ ∗Bk = δik. After some computations we get
WXp(µ) = N
∫ ∏
j
dbj exp
(
i
∑
j
λj(b
2
j + α
′
jbj)
)
, (51)
where αj = 〈α|Bj〉. Finally we obtain
WXp(µ) = C(M) exp
(
−
i
4
∑
j
λjα
′2
j
)
, (52)
where C(M) is a constant that can be removed by normalizing the expectation value.
We observe that λj〈α′|Bj〉 =
∫
M
dα′ ∧ Bj , where we did the integration, then the
argument of the exponential is
∑
j
∫
M
dα′ ∧Bj
∫
M
α′ ∧ ∗Bj =
∫
M
α∧ dα, where we use
the completeness relation and finally we get the expression
WXp(µ) = C(M) exp
(
−
i
4
∫
M
α ∧ dα
)
= C(M) exp
(
−
i
4
H(Xp)
)
, (53)
where H(Xp) = H(Xp,Xp) is the high dimensional asymptotic Hopf invariant (33).
The expression (53) is a topological invariant, i.e., the Jones-Witten invariants in n =
2p+ 1 dimensions. They only depend on the flow Xp (or the foliation of the manifold
M, associated to the flow generated by Xp) and the invariant measure µ.
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6 Asymptotic Invariants in String Theory
It is known that BF theories arises in natural way in supergravity in eleven dimensions.
In addition to the Einstein-Hilbert action in eleven dimensions we have:
Ssugra = · · ·+
∫
M11
(
G4 ∧ ∗G4 + C3 ∧G4 ∧G4
)
+ anomalous terms (54)
where G4 = dC3. This is a theory with M2 branes W coupled to the three-form C3.
The observables are the form
∫
W
C3 and one can compute, for instance, the two-point
correlation functions
〈∫
W
C3(x) ·
∫
W
C3(y)
〉
In Type II superstring theory we have the Chern-Simons coupling which is the
coupling between the RR-fields Cp and the other fields of the theory. In addition to
the Dirac-Born-Infeld action we will have the CS action given by:
ICS =
∑
p
Cp ∧ exp
(
2πα′(B + F )
)
=
∫
Wp
Cp +
∫
Wp
B ∧ Cp−2 +
∫
Wp
F ∧ Cp−2 + · · · (55)
The action would be any of the two kinds of Type II theories [35] SII contains a term
of the CS form
SIIA = · · ·+
∫
M10
B ∧ F4 ∧ F4 + · · · , (56)
where F4 = dC3 is the field strength of C3 or
SIIB = · · ·+
∫
M10
C4 ∧H3 ∧ F3 + · · · , (57)
where H3 = dB. In Type IIA p = 1, 3, 5, 7, 9 and in Type IIB p = 0, 2, 4, 6, 8. Thus we
can define the correlation function corresponding to two non-intersecting D-branes of
world-volumes W and W ′ with RR-fields Cp and Cp′ respectively, thus we have〈∫
W
Cp(x) ·
∫
W ′
Cp′(y)
〉
=
∫
DC exp [iSIIA,B]
∫
W
Cp(x) ·
∫
W ′
Cp′(y)∫
DC exp [iSIIA,B]
(58)
with x ∈ W and y ∈ W ′. Of course the suitability of them depend on the possibility
to solve the integration on the rhs. However in the present section we will not follow
this path and we only study the consistency of the lhs and the definition of appropri-
ated asymptotic observables. The observables
∫
W
Cp are gauge invariant under gauge
transformations Cp → Cp + dΛp−1, they depend only of the homology class [W ] of M .
Now let us consider dynamical D-branes. It is known that one can scatter open
or closed strings by D-branes but the D-branes as a dynamical objects also can be
scattered by themselves. In the strong coupling limit gS →∞, the D-branes are light
objects and can be scattered by a center of forces [36]. In this section we would like
to study this system from the point of view of dynamical systems. To be more precise
we describe the motion of a D-brane on a foliation M1,9 = R×Dp ×D9−p, instead of
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a manifold M1,9 = R × R9. This corresponds physically to have a Dp-brane moving
in the M1,9 manifold along the transverse (9− p) dimensions. In this case we can also
define an asymptotic observable [16, 17, 18, 20] OX as:
OXp =
∫
M
iXp(Cp)µXp. (59)
Then the two-point correlation function is consequently
H(Xp,Yp′) :=
1
i
〈
OXp(x) · OYp′ (y)
〉
=
1
i
〈∫
M
iXp(Cp)µXp(x) ·
∫
M
iYp′ (Cp′)µYp′ (y)
〉
. (60)
These quantities are invariant under the gauge transformations if the measures µXp
and µYp′ are invariant under the p and p
′-flows respectively:∫
M
iXp(Cp)µXp(x) =
∫
M
iXp(Cp)µXp(x) +
∫
M
iXp(dΛp−1)µXp(y), (61)
and similarly for Yp′.
Again the second term vanishes by theorem 2A in [17]. One would try to interpret
Eq. (60) as kind of linking number between the two flows X and Y associated to the
propagation of the non-intersecting Dp and Dp′ branes in the spacetime.
Now let us consider a couple of non-intersecting D-branes, a Dp and a Dp′ of
corresponding worldvolumes W and W ′. The open string between the 2 D-branes is
coupled to a closed string external background NS B-field and to a background abelian
gauge connection A with curvature F = dA . Within the Type II theory one can have
the following observable〈∫
W
Cp(x) ·
∫
W ′
exp
(∫
Σ
B − i
∫
dσAI(X)∂τX
I
)
Cp′(y)
〉
, (62)
where X is the embedding of the world-sheet Σ into the target space manifold M ,
τ and σ are the open string world-sheet coordinates and I = 0, · · · , 9. Of course in
addition to the observables
∫
W
Cp we have that the term
∫
dσAI(X)∂τX
I is invariant
under gauge transformations of the background connection A→ A+ dλ. There is also
a combined invariance under changes of B and A as follows: δBIJ = ∂IΛJ − ∂JΛI and
δAI = −ΛI . (Compare with the Wilson surface introduced by Cattaneo and Rossi in
Ref. [37].)
The corresponding asymptotic version is given by gauge invariant quantity〈∫
M
iXp(Cp)µXp(x) ·
∫
W ′
exp
(∫
Σ
B − i
∫
dσAI(X)∂τX
I
)
iYp′ (Cp′)µYp′ (y)
〉
. (63)
Just as in the case of BF theory it is required that the above correlation function be
gauge invariant. We can see that that is precisely the case if one of Dp’s is and anti-D-
brane. The reason is as follows: it is well known that from the CS-action (55) that the
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RR-fields carries also U(1)-charge. Thus the field Cp is charged under U(1) as 1 while
the Cp′ transform as −1. this implies that the whole observable and its correlation
function will be gauge invariant. In a similar spirit to the BF theories this quantity
would compute some linking number of couple of non-intersecting flows two D-branes
and anti-D-branes with a non-trivial phase given by the non-trivial class
∮
B
2pi
.
It is known that the true framework to deal D-branes is not cohomology but K-
theory. The description of D-branes in the set up of dynamical systems lead to the
possibility of extending the asymptotic cycles as homology classes to K-homology cycles
in K-theory.
7 Final Remarks
In the present paper we pursue the idea of the implementation of the procedure followed
in Ref. [20] for Jones-Witten invariants, to compute link invariants for flows in higher
dimensions. The relevant invariants of interest were elucidated in Refs. [15, 14]. We
were able to obtain the higher-dimensional generalization of the asymptotic linking
numbers for one flow (28) and for two flows (33). We also obtain the generalized linking
numbers in the non-abelian case for one flow (39) and two flows (44). Therefore for all
these mentioned cases we were able to associate a link invariant in higher dimensions
to a flow (or flows). We calculate the linking number for a flow (foliation), with this we
were able to find the higher dimensional n = 2p+ 1 generalization of asymptotic Hopf
invariant and consequently of the Jones-Witten invariants for flows (53) considered
in [20] for the three dimensional case. Finally some speculations about a way to
incorporate asymptotic cycles was discussed in Sec. (6) and we found that one condition
to find gauge invariant correlation functions of observables constructed with RR-fields,
B-fields and gauge fields impose that the flows associated to the D-branes correspond
to a pair Dp-Dp′-brane (pair brane-antibrane). Rather than cohomology, RR-fields
take values in K-theory, thus it would be interesting to carry over the construction of
asymptotic cycles to K-homology. Some of this work is in progress.
To find these invariants we modify only the observables which have the information
of the flow. These observables were constructed with the ideas of asymptotic cycles,
geometric currents and foliations introduced by Sullivan [19] and Schwarzman [17].
Thus we take the asymptotic observables and the path integral give the asymptotic
linking number a (Hopf invariant or helicity). Other invariants of knots and links
in the context of Batalin-Vilkovisky (BV) quantization incorporating Wilson surfaces
[37] and string topology [38] are our strong interest and will be considered in a future
publication. Moreover a generalized asymptotic linking number (Sec. 4) would be
extended by considering a p-form gauge potential [39].
On the other hand, in other theories as the AdS/CFT correspondence, there is also
an underlying BF theory of the form
∫
Y
BRR ∧ dBNS [40]. Thus the observables of
the theory are also susceptible to be extended as there exist a flow determined by a
vector field X. Moreover, the Hitchin functional
∫
M7
Φ∧⋆7Φ is defined on a 7 manifold
M7 of G2-holonomy, which resembles a BF action. It is worth to mention that the
partition function at one-loop has been computed recently [41, 42] in terms of the BV
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formalism by obtaining the Ray-Singer torsion of M7. It would be interesting to find
the observables of the theory and their asymptotic counterparts. Some of the results
on this subject will be reported elsewhere.
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